Free-streamline theory is employed to construct an exact steady solution for a linear array of hollow, or stagnant cored, vortices in an inviscid incompressible fluid. If each vortex has area A and the separation is L, there are two possible shapes if A*/L is less than a critical value 0.38 and none if it is larger. The stability of the shapes to two-dimensional, periodic and symmetric disturbances is considered for hollow vortices. The more deformed of the two possible shapes is found to be unstable while the less deformed shape is stable.
Introduction
The recent observations by Brown & Roshko (1974) of organized vortex structures in the turbulent mixing layer have rekindled interest in the hydrodynamics of arrays of parallel line vortices. Moore & Saffman (1975) argued that the spacing of the vortex structures was controlled by the fact that there is an upper limit on the line density of a linear array of vortices of finite cross-section in non-viscous incompressible flow. When the vortices come too close, the induced straining fields are too intense for the individual vortices to exist in a steady state. However, they restricted their analysis to uniform vortices with constant vorticity in the cores, and the critical density or spacing was determined by an approximate argument (which was however supported by numerical work) because exact analysis was too hard.
It turns out that if the vortex cores are hollow or stagnant, so that the vorticity is concentrated into vortex sheets on the surfaces of the vortices, then the problem can be solved exactly by the free-streamline theory of inviscid, incompressible, two-dimensional flow, and the purpose of this paper is to present the calculation as a contribution to the theory of vortices. We see no direct physical application of the results, but similar calculations for two-dimensional arrays may be of interest in the theory of uniformly rotating superfluid helium, and the exact results provide a means of checking the approximate argument of Moore & 
The physical plane
We consider an infinite linear array of identical vortices lying on the x axis with centres at nL, n = 0, k 1, _+ 2, . . . . Each vortex is hollow or has a stagnant core. In steady flow, constant pressure inside the cores requires that the fluid speed has a constant value, qo say, on the boundary of each vortex. The circulation r about each vortex is related to qo by = pqo,
where P is the perimeter of each vortex.
At large distances, the array looks like a vortex sheet of strength 2U,, where
The array is characterized by the dimensionless ratio
We shall calculate a unique steady solution for 0 < R < 1 in which each vortex has fore-and-aft symmetry, i.e. is symmetrical about the x axis and the line parallel to the y axis through its centre. It can be shown (see appendix) that no solutions with this symmetry exist for R > 1 and that reflexional symmetry about the centre implies fore-and-aft symmetry.
The limit R = 0 corresponds to an array of point vortices or a single vortex in unbounded fluid, according as the limit is reached by P -+ 0 or L -+ to. R = 1 gives avortex sheet in which each vortex is pulled out longitudinally and squeezed sideways to lie along a length L of the x axis. Notice that in the limit R = 1 and the limit P = 0 the area A of each vortex is zero.
The deformation of the cores is conveniently measured by P/A+, which has the minimum value of 2nt for a circle and becomes large with the eccentricity. We are interested in how the deformation depends upon the spacing for vortices of given size and strength. The area A is a more basic measure of the size than the peri-
and A*/L is a dimensionless quantity that specifies the relative spacing of the array. The procedure is to calculate P/A4 and A+/L as functions of R, and by eliminating R obtain the deformation in terms of the spacing. The physical plane is shown in figure 1 . Because of the symmetry it suffices t o calculate the flow inside the contour ABCDE. Either the direction or magnitude of the velocity is known on the contour, and themethods of free-streamline theory can therefore be applied by mapping the potential plane into the hodograph plane.
The mappings
We introduce the complex variable z = x + i y , the complex potential w = q5 + i$, the complex velocity 
transform the interiors of the contours into the upper half of the 6 = E + ir plane, with E -+ = -1, C + < = 1, B -+ E = b, and A + 5 = 00, where
The physical plane follows from integrating
The quadrant of the vortex surface from D to C is mapped into the part of where 0 < h < 2n gives the complete perimeter.
The vortex is obviously circular as R -+ 0, and flattens to the slit -+L < x < +L as R + I.
The perimeter P is 2RL. The area A is found by numerical integration, which gives AIL2 as a function of R. 
Discussion
For a given value of A*/L, there are either two or no possible steady states. If hollow or stagnant-cored vortices of given size are placed in an array such that their separation is too small, there is no possible steady state and the vortices presumably disintegrate. For the vortex of largest area for given L, the length of the major axis is 0.71L and that of the minor axis is 0-25L.
A similar, although not identical, behaviour holds for a single hollow vortex of area A and circulation I' in a uniform irrotational deformation with strain The existence of two possible configurations of the array suggests that at least one of them is unstable, and this should be the most deformed. We shall now verify this idea, by investigating the linear stability to infinitesimal perturbations of an array of hollow vortices, and demonstrate the existence of a class of disturbances to which the array is unstable for R > R, and stable for R < R,.
Stability of an array of hollow vortices
We shall restrict attention here to infinitesimal periodic disturbances with reflexional symmetry about the centre of each vortex, which leave the centres undisplaced, because our interest lies in the stability to variations of shape. Stability of the array to disturbances which alter the positions of the vortices, i.e. of the type considered by Lamb (1932,s 166) for point vortices, is a matter for further study. (The effect of finite core size might have a bearing on the fact that Brown & Roshko (1974) did not appear to find the Lamb-type instability.)
It is sufficient to consider the strip -QL < x < $L, y > 0 and to use as independent co-ordinates the undisturbed velocity potential and stream function.
The strip is 0 < + -= $r, -GO < @ < 0. A deformation of the boundary is described by the curve The disturbance to the velocity potential is denoted by @($, @, 1). Then = s(+,t), o < + < ir. The symmetry requires that the disturbance has period +I' in q5. We look for
where w is t o be found. Inserting (5.6) and (5.7) into the boundary conditions and carrying out some straightforward algebraic manipulations, we obtain the recursion relation a,,, + (
for -co < n < co, where b = coshfl, p = -log 2R2 and a = wI'/dnq$. The eigenvalues u are determined by the requirement that a, +O as n+ & co. If (+ is complex, the motion is unstable.
In the limit = co, R = 0, the eigenvalues are obviously (+=n-tl+nl*, n = + 1 , + _ 2 ,....
(5.9)
It is easy t o verify directly that these are the natural frequencies of a single hollow vortex. For p large but not infinite, the eigenvalues can be expanded as power series in e-8, and it is found that I+ remains real provided that the regular perturbation scheme remains valid. It can be shown that a2 = O(n-2) for large n when a, decays as n + co. From the recursion relation,
The asymptotic behaviour of a , ' gives a starting value from which i%+(v,fl) can be calculated numerically. We proceed similarly for the a_, (n > 0), defining (5.12) and calculating a ; ( r , p) . Because of the symmetry of the recursion relation a u , P ) = a$( -u,P).
(5.13)
The recursion relation for n = 0 gives f(a2,P) = ao+(cr,P)-tag(cr,P) = 2*eBcoshp-2.
(5.14)
Since the left-hand side can be found numerically as a function of r, the roots of (5.14) are obtained in a straightforward manner as functions of p.
Note that the roots occur in pairs, k u. The critical value of p at which the array becomes unstable to disturbances of the type considered here gives the same value of R, 0.805, as that a t which At/L is a maximum, thereby demonstrating that, when there are two possible configurations, the more deformed is unstable to disturbances for which the less deformed is stable (cf. Moore & Saffman 1971). 
